In the paper we prove a factorization theorem for representations of fundamental groups of compact Kähler manifolds (Kähler groups) into solvable matrix groups. We apply this result to prove that the universal covering of a compact Kähler manifold with a residually solvable fundamental group is holomorphically convex. * 1991 Mathematics Subject Classification. Primary 20F34. Secondary 58A10.
Introduction.
Let M be a compact Kähler manifold. The fundamental group π 1 (M) of M can be studied via its representations or equivalently in terms of locally constant sheaves on M. In this paper we consider representations ρ ∈ Hom(π 1 (M), T n (C)), where T n (C) is the Lie group of upper triangular matrices. To formulate our main result we let α X : X −→ Alb(X) denote the Albanese map of a compact Kähler manifold X. Let also α X = α f X • α c X be the Stein factorization, where α c X : X −→ X c is a surjective holomorphic map with connected fibres and α f X : X c −→ α X (X) is a finite morphism.
Theorem 1.1 There is a finite Galois covering k : M H −→ M with an abelian transformation group H such that for any ρ ∈ Hom(π 1 (M), T n (C)) there is ρ ′ ∈ Hom(π 1 (M c H ), T n (C)) such that
We apply this result to the problem of holomorphic convexity of a Galois covering of a compact Kähler manifold. Central to the subject is a conjecture of Shafarevich according to which the universal covering M u of a smooth projective manifold is holomorphically convex, meaning that for every infinite sequence of points without limit points in M u there exists a holomorphic function unbounded on this sequence. Set G s := n≥1 ρ∈Hom(π 1 (M ),Tn(C)) Ker(ρ) (1.1) and let M s −→ M be the Galois covering over a compact Kähler manifold M with the transformation group π 1 (M)/G s .
Theorem 1.2 M s is a holomorphically convex manifold. In particular, if the class {Hom(π 1 (M), T n (C))} n≥1 separates the elements of π 1 (M) then the universal covering M u of M is holomorphically convex.
As a corollary we obtain the result of Katzarkov [K] on holomorphic convexity of Malcev's covering of a projective manifold.
In the paper we also prove a version of the theorem announced in [Br] . Its proof is based on the following refinement of Theorem 1.1.
Let F be the fibre of the Albanese map α M : M −→ Alb(M) over a regular value and V ⊂ M H be a connected component of k −1 (F ). Then V is a compact Kähler manifold. Consider the space Ω 1 V (M H ) ⊂ Ω 1 (V ) of holomorphic 1-forms on V which are restrictions of holomorphic forms on M H . Let ω 1 , ..., ω r be a basis in Ω 1 V (M H ). We define a homomorphism A : (i V ) * (H 1 (V, Z)) −→ C r by the formula By Hodge theory, A embeds (i V ) * (H 1 (V, Z))/ torsion into C r as a lattice Γ of maximal rank. Then, similarly to the construction of the Albanese map, integration of forms of Ω 1 V (M H ) along paths determines a holomorphic map
Let ν : Y −→ A V (V ) be a desingularization. Then there is a desingularization s : V ′ −→ V and a holomorphic map
Here s induces an isomorphism of fundamental groups. Let ρ ∈ Hom(π 1 (M), T n (C)).
Theorem 1.3 There is a representation ρ ′ ∈ Hom(π 1 (Y ), T n (C)) such that
Let DG = D 1 G be the derived subgroup of a group G and set D i G = DD i−1 G. Further, denote by S the class of groups G whose elements are separated by representations of {Hom(G, T n (C))} n≥1 . For a discrete abelian group Γ denote by rk(Γ) ∈ Z + ∪ {∞} the minimal number of generators of Γ/T or (Γ) .
Assume that a compact Kähler manifold M satisfies
where F is the fibre of the Albanese map over a regular value.
Theorem 1.4 Assume that π 1 (M) ∈ S and M satisfies the above conditions. Then π 1 (M H ) is a free abelian group. In particular, π 1 (M) is virtually abelian.
Proofs of our results are based on the classification theorem for a class of flat connections on a topologically trivial vector bundle over M proved in [Br] . In the next section we describe this result and also formulate some generalizations of the results presented in Introduction.
Classification
Theorem for a Class of Flat Connections.
2.1. In this section we describe the classification theorem for a class of flat connections on M × C n with triangular (0,1)-components (see [Br] ). Let E ρ be a flat vector bundle over a compact Kähler manifold M constructed by ρ ∈ Hom(π 1 (M), GL n (C)). We consider the family of representations ρ such that E ρ is C ∞ -trivial. Every bundle from this family is determined by a flat connection on the trivial bundle M × C n , i.e. by a matrix valued 1-form ω on M satisfying dω − ω ∧ ω = 0.
(2.1)
Moreover, we assume that the (0,1)-component ω 2 of ω is an upper triangular matrix form. Denote this class of connections by A t n . The group C ∞ (M, T n (C)) acts by d-gauge transforms on the set A t n :
We study the corresponding quotient set B t n (regarding as the set of d-gauge equivalence classes of connections from A t n ). Performing a d-gauge transform of ω by a diagonal matrix-valued function we may assume without loss of generality that ψ := diag(ω 2 ) is a matrix-valued harmonic (0,1)-form and, in particular, is d-closed. Further, set
Then B t n is a disjoint union of the sets B ψ . Let U n ⊕ be the class of flat vector bundles over M of complex rank n whose elements are direct sums of topologically trivial flat vector bundles of complex rank 1 with unitary structure group. Note that every E ∈ U n ⊕ can be represented by a unitary diagonal cocycle {c ij } i,j∈I defined on an open covering {U i } i∈I . All definitions formulated below do not depend on the choice of such a cocycle, but only on its cohomology class.
A family {η i } i∈I of matrix-valued p-forms satisfying
is, by definition, a p-form with values in the bundle End (E) . We say that such form is nilpotent if every η i takes its values in the Lie algebra of the Lie group of upper triangular unipotent matrices. Since End(E) ∈ U n 2 ⊕ , there exists a natural flat Hermitian metric on End (E) . As usual one can use the metric to construct a d-Laplacian on the space of End(E)-valued forms. In what follows harmonic forms are determined by this Laplacian. Denote by H 1 d (End(E)) the finite-dimensional complex vector space of End(E)-valued harmonic 1-forms and by H 2 (End(E)) the de Rham cohomology group of End(E)-valued d-closed 2-forms. Further, consider the set
Let Aut t f (E) be the group of triangular flat authomorphisms of E. Elements of Aut t f (E) are, by definition, locally constant sections of End(E) satisfying (2.3) with η i ∈ T n (C) (i ∈ I). Clearly, Aut t f (E) is a complex solvable Lie group. It acts by conjugation on the space of End(E)-valued forms and commutes with the Laplacian. In particular, it acts on H t 0 (End(E)). Denote the quotient set H t 0 (End(E))/Aut t f (E) by S n E . For the class E ψ ⊂ A t n consider a flat connection on M × C n defined by the system of ODEs
, be a family of local solutions of (2.4) defined on an open covering {U i } i∈I ; where D u n ⊂ U n (C) is the Lie subgroup of diagonal matrices. Then the cocycle
Theorem 2.1 [Br] . There is a bijective map P ψ :
Now we describe the map P ψ in more details. According to (2.3) the operators d and ∧ are well-defined on the set of matrixvalued p-forms with values in End(E ψ ). In particular, it make sense to consider matrix-valued 1-forms with values in End(E ψ ) satisfying an equation similar to (2.1). Let h be a linear C ∞ -authomorphism of E ψ determined by a family {h i } i∈I (h i ∈ C ∞ (U i , GL n (C))) satisfying
Then a d-gauge transform d E ψ h defined on the set of matrix-valued 1-forms α with values in End(E ψ ) is given by a formula similar to (2.2)
preserves the class of 1-forms satisfying an End(E ψ )-valued equation (2.1). Assume now that h belongs to Aut t ∞ (E ψ ), the group of triangular C ∞ -authomorphisms of E ψ . Then d E ψ h preserves also the class of End(E ψ )-valued 1-forms with nilpotent (0,1)-components. Consider the mapping τ ψ defined on the set E ψ by
Then τ ψ maps E ψ isomorphically onto the set of End(E ψ )-valued 1-forms with nilpotent (0,1)-components satisfying End(E ψ )-valued equations (2.1).
has the type decomposition with the above properties then τ ψ (d h (ω)) and τ ψ (d g (ω)) are conjugate by a flat authomorphism of Aut t f (E ψ ). From (2.5) it follows that η 1 can be decomposed into the sum α+∂h, where α is its harmonic component in the Hodge decomposition. Then the Hodge decomposition and the ∂∂-lemma get α is d-harmonic and (α + η 2 ) ∧ (α + η 2 ) represents 0 in the de Rham cohomology group H 2 (M, End(E ψ )). In particular, α + η 2 ∈ H t 0 (End(E ψ )). Finally, the required map P ψ of Theorem 2.1 sends the class of equivalence of ω in B ψ to the class of equivalence of α + η 2 in S n E ψ . Example 2.2 Let C be a compact complex curve of genus g ≥ 1. Let ω 1 , ..., ω g be a basis in the space of holomorphic 1-forms on C and
Then, according to Theorem 2.1, the d-gauge equivalence class of a flat connection ω = ω 1 + ω 2 on C × C n with a nilpotent (0,1)-component ω 2 is uniquely defined by a matrix 1-form
2.2. Let E ρ be a flat vector bundle over a compact Kähler manifold M associated to ρ ∈ Hom(π 1 (M), GL n (C)). Clearly, E ρ can be thought of as a holomorphic vector bundle, as well. Assume that (a) In the category of holomorphic vector bundles E ρ is isomorphic to a bundle E O ρ with the structure group T n (C). Let Gr * E O ρ be a holomorphic vector bundle defined by the diagonal of the cocycle
The first Chern classes of the components of Gr * E O ρ are elements of T or(H 2 (M, Z)). The family of representations ρ ∈ Hom(π 1 (M), GL n (C)) satisfying conditions (a) and (b) will be denoted by S O n (M). Obviously, Hom(π 1 (M), T n (C)) ⊂ S O n (M). Observe that from (b) it follows that Gr * E O ρ is isomorphic as a C ∞ -bundle to the direct sum of rank 1 flat vector bundles determined by representations of Hom(T or(π 1 (M)/Dπ 1 (M)), U 1 (C)). Consider the Galois covering M t −→ M with the transformation group T or(π 1 (M)/Dπ 1 (M)). Then for any ρ ∈ S O n (M) restriction ρ t := ρ| π 1 (Mt) determines an element of S O n (M t ) such that Gr * E O ρt is the direct sum of topologically trivial complex rank 1 vector bundles over M t . In particular, E ρt is C ∞ -trivial and its flat structure is defined by a connection ω on M t ×C n of the class A t n (for details see, e.g., [Br; sect.3] ). Let ω 2 be the triangular (0,1)-component of ω such that ψ := diag(ω 2 ) is d-harmonic on M t (see arguments of section 2.1).
Lemma 2.3 ψ is a diagonal harmonic (0,1)-form lifted from M.
Proof. Recall that each rank 1 holomorphic vector bundle E over M with the first Chern class c 1 (E) ∈ T or(H 2 (M, Z)) is a product E 1 ⊗ E 2 of holomorphic vector bundles where E 1 is C ∞ -trivial and c 1 (E 2 ) = c 1 (E). Moreover, E 2 has a flat structure determined by a character ρ 2 ∈ Hom(T or(π 1 (M)/Dπ 1 (M)), C * ) (by the same letter we will denote the character of Hom(π 1 (M), U 1 (C)) determining ρ 2 ). Let θ be a harmonic (0,1)-form on M such that local solutions of the equation
determine E 1 (the construction is similar to that of section 2.1 for flat vector bundles). The flat connection θ − θ on M × C determines a representation ρ 1 ∈ Hom(π 1 (M), U 1 (C)). Then E ρ 1 ⊗ρ 2 is holomorphically isomorphic to E. This construction shows that there are unitary characters p 1 , ..., p n ∈ Hom(π 1 (M), U 1 (C)) and q 1 , ..., q n ∈ Hom(T or(π 1 (M)/Dπ 1 (M)),
where D n ⊂ GL n (C) is the Lie subgroup of diagonal matrices. Thus ψ − ψ is a flat connection on M t × C n which determines representation
It remains to note that each p k | π 1 (Mt) is defined by a harmonic 1-form on M t (flat connection) lifted from M. 2 We are now in a position to formulate a general version of Theorem 1.1. Here we use notation of Introduction.
Theorem 2.4 There is a finite Galois covering k :
3. Proof of Theorem 2.4. π 1 (V ) −→ π 1 (M t ) whose range belongs to Dπ 1 (M).
(Here and below we avoid writing basepoints in definitions of fundamental groups so that π 1 (V ) and π 1 (M) above are defined with respect to some fixed points in V and M, respectively.) Let α c M t : M t −→ X be a holomorphic surjective map with connected fibres obtained from the Stein factorization of α M t . If z ∈ X is a regular value of α c M t then V z := (α c M t ) −1 (z) is a compact Kähler manifold and the set S of non-regular values is a proper complex analytical subset of X. We may assume without loss of generality that X is a normal space. Indeed, let n :
is disconnected. This contradicts to our assumption. So the finite map n is bijective and we can replace X by X n .
Let X s be the singular part of X. Then codim C X s ≥ 2 because of normality of X. Clearly we regard X s as a subset of S.
To formulate our first result used in the proof, consider a flat vector bundle L −→ M of complex rank 1 with unitary structure group and let E = p * t L be the pullback of this bundle to M t . Let ω ∈ Ω 1 (E) be a holomorphic 1-form with values in E (by the Hodge decomposition, ω is d-closed).
Lemma 3.1 Assume that ω| Vz = 0 for a regular z ∈ X. Then ω| V = 0 for any fibre V of α c M t .
Remark 3.2 If V is not smooth, the condition of the lemma means that ω is 0 on the smooth part of V .
Proof. First consider fibres of α c M t over regular values. By Sard's theorem, α c M t : 
, by the triangulation theorem of the pair (M t , V ), see [L; Th.2] ). Since i V (π 1 (V )) ⊂ Dπ 1 (M), the bundle E| Ux is trivial. Therefore we can regard ω as a d-closed holomorphic 1-form on U x . Moreover, it has been shown above that ω| F = 0 for any fibre F ⊂ W x \ (α c M t ) −1 (S). So ω equals 0 on each fibre of the fibration α c M t :
This implies that there is a d-closed holomorphic 1-form ω 1 on O x \S such that ω = (α c M t ) * (ω 1 ). Assume now that ω| V = 0. Then ω| Wx determines a non-trivial homomorphism h ω,x : π 1 (W x ) −→ C by integration of ω| Wx along paths. Observe that range of h ω,x is an abelian subgroup of C isomorphic to Z. In fact, since embedding W x \ (α c M t ) −1 (S) ֒→ W x induces a surjective homomorphism of fundamental groups, we can integrate ω by paths containing in W
Recall that any path in W x is homotopically equivalent inside U x to a path containing in V and so ω| V determines a homomorphism h of Γ := (π 1 (V )/Dπ 1 (V ))/ torsion into C with image isomorphic to Z. Without loss of generality we may assume that V is smooth (for otherwise, we apply the arguments below to each irreducible component of a desingularization of V ). Integrating holomorphic 1-forms on V along paths we embed Γ in some C k as a lattice of rank 2k. Then there is a linear holomorphic functional f ω on C k such that h = f ω | Γ . Since rk(h(Γ)) = 1, f ω equals 0 on a subgroup H ⊂ Γ isomorphic to Z 2k−1 . In particular, f ω = 0 on the vector space R = span(H) of real dimension 2k − 1. But Ker(f ω ) is a complex vector space. So f ω = 0 on C k which implies ω| V = 0. This contradicts to our assumption and proves the required statement for fibres over smooth points of S of the components of codimension 1.
It remains to consider the case of fibres over the set S 1 ⊂ S containing singular points of S and smooth points of components of codimension ≥ 2. In this case we clearly have codim 
Thus the family {dg i } i∈I determines a d-closed holomorphic 1-form ω 1 with values in E 1 | X\S 1 such that (α c M t ) * (ω 1 ) = ω. Further, from the assumption π 1 (O x \ S 1 ) = π 1 (O x ) = {e} we obtain that E 1 | Ox is trivial and there is a holomorphic function f defined on O x \ S 1 such that df = ω 1 (here ω 1 is regarding as a form on O x \ S 1 ). But O x is normal and codim C S 1 ≥ 2, hence by the extension theorem (see, e.g., [GR] ) there is a holomorphic function
and completes the proof of the lemma.
2 Let T u 2 be the group of matrices of the form
where a, b ∈ C, |a| = 1. For a homomorphism ρ ∈ Hom(π 1 (M t ), T u 2 ) denote by ρ u ∈ Hom(π 1 (M t ), U 1 (C)) the lower diagonal unitary character of ρ. We assume that there is a character ρ 1 ∈ Hom(π 1 (M), U 1 (C)) such that ρ u = ρ 1 • (p t ) * . Then clearly ρ u = exp(ρ ′ u ) where ρ ′ u ∈ Hom(π 1 (M t ), C) (see Lemma 2.3 above). From here it follows that ρ induces a C ∞ -trivial flat vector bundle E over M t obtaining from the exact sequence
where E 1 is the trivial flat vector bundle of complex rank 1 and E 2 is the flat vector bundle with unitary structure group associated to the character ρ u . It is well known that the equivalence classes of extensions of E 2 by E 1 are in a oneto-one correspondence with the elements of H 1 (M t , E 2 ), where E 2 is the sheaf of locally constant sections of E 2 (see, e.g., [Br; sect.3.2] ). In particular by Hodge decomposition we obtain that the equivalence class of E is uniquely defined by a harmonic 1-form η with values in E 2 .
Assume now that V is the fibre of α c M t : M t −→ X over a regular value and H := i V (π 1 (V )) ⊂ Dπ 1 (M) is range of π 1 (V ) in π 1 (M t ) under the homomorphism induced by embedding V ֒→ M t . Denote H ab := H/(D 2 π 1 (M) ∩ H). Then H ab is an abelian group of finite rank. Lemma 3.3 (1) Assume that ρ| H is not trivial. Then ρ u is a torsion character.
(
֒→ M t induces a surjective homomorphism of fundamental groups. From here we obtain that H ab is a normal subgroup of K := π 1 (M t )/D 2 (π 1 (M)) and ρ induces a homomorphismρ : K −→ T u 2 with the same image. In particular,ρ(H ab ) is a non-trivial normal subgroup ofρ (K) . Sinceρ(H ab ) is a subgroup of unipotent matrices, the action ofρ(K) onρ(H ab ) by conjugation is multiplication on elements of ρ u (π 1 (M t )). Thus if H ′ is free part of H ab then ρ u (π 1 (M t )) (⊂ U 1 (C)) consists of eigen-values of invertible integer matrices obtaining in the natural action of π 1 (M t )/Dπ 1 (M) on H ′ . Hence the theorem on the units of a ring of integers of an algebraic field (see, e.g., [BS; p.105, Th.2] ) asserts that each element of ρ u (π 1 (M t )) is of finite order and so ρ u is a torsion character.
(2) Let η = η 1 + η 2 be the type decomposition of the form η determining the equivalence class of E. Here η 1 is a d-closed holomorphic 1-form with values in E 2 and η 2 is a d-closed antiholomorphic 1-form with values in E 2 . Then triviality of ρ| H implies that η| V represents 0 in H 1 (V, C) and so η| V = 0 by harmonicity. From here and the Hodge decomposition it follows that η 1 | V = 0 and η 2 | V = 0. Application of Lemma 3.1 gets η 1 and η 2 vanish on each fibre of α c M t . Let now {U i } i∈I be an open covering of X such that W i := (α c M t ) −1 (U i ) is deformable to a fibre V i for each i ∈ I. Then E| W i is the trivial flat vector bundle because η| V i = 0. Therefore we can construct a locally constant cocycle {c ij } subordinate to the covering {W i } i∈I which determines E. This cocycle clearly determines a cocycle {d ij } subordinate to the covering {U i } i∈I such that (α c M t ) * (d ij ) = c ij . Let E ′ be a flat vector bundle over X constructed by {d ij } and ρ ′ ∈ Hom(π 1 (X), T u 2 ) be the representation determined by E ′ . Then we have ρ = ρ ′ • (α c M t ) * . 2 So we proved that the set R ⊂ Hom(π 1 (M t ), T u 2 ) of representations whose unitary diagonal characters are restrictions of elements of Hom(π 1 (M), U 1 (C)) to π 1 (M t ) is union R 1 ∪ R 2 where R 1 consists of homomorphisms with virtually abelian images and R 2 consists of pullbacks to π 1 (M t ) of some characters of Hom(π 1 (X), T u 2 ). The arguments of the proof of Lemma 3.3 show that there is a finite Galois covering k : M H −→ M with an abelian transformation group H such that for any ρ ∈ R 1 restriction ρ| π 1 (M H ) has abelian image and π 1 (M H ) ⊂ π 1 (M t ). Let The above property of V implies that for any ρ ∈ R its restriction to i V (π 1 (V )) ⊂ Dπ 1 (M) is trivial. (Here V is a fibre of α c M H and i V is homomorphism induced by embedding V ֒→ M H .) We proceed with the proof of Theorem 2.4.
Let ρ ∈ S O n (M). Consider restriction ρ 1 := ρ| π 1 (Mt) . Then according to Theorem 2.1 and Lemma 2.3 (see section 2 above) the congugate class of ρ 1 is uniquely determined by harmonic 1-forms η with values in some flat vector bundles of complex rank 1 lifted from M, satisfying some algebraic relations. Observe now that as we proved above pullback r * t (η) vanishes on each fibre of α M c H (because such η determines a homomorphism of class R). Then Theorem 2.1 implies that ρ 1 | i V (π 1 (V )) is trivial for any fibre V of α M c H . (In the case of singular V we apply the classification theorem to pullback of the flat connection determining ρ 1 to irreducible components of a desingularization of V .) Now arguments similar to those used at the end of the proof of Lemma 3.3 show that there is ρ ′ ∈ Hom(π 1 (M c H ), GL n (C)) such that ρ • k * = ρ ′ • (α c M H ) * . This completes the proof of the theorem.
2 To obtain from here Theorem 1.1 notice that if ρ ∈ Hom(π 1 (M), T n (C)) the above homomorphism ρ ′ belongs to Hom(π 1 (M c H ), T n (C)) by definition.
Remark 3.4 (1) If under notation of Lemma 3.3 H ab is torsion the arguments of the proof of Theorem 2.4 imply
(2) Let N n ⊂ T n (C) be the Lie subgroup of unipotent matrices. Let α c M : M −→ M c be the map with connected fibres obtaining from the Stein factorization of the Albanese map α M . Then the following result is valid.
Theorem 3.6 For any ρ ∈ Hom(π 1 (M), N n ) there is ρ ′ ∈ Hom(π 1 (M c ), N n ) such that ρ = ρ ′ • (α c M ) * .
Proof. The proof is based on the corollary of Theorem 2.1 asserting that the conjugate class of a representation of Hom(π 1 (M), N n ) is uniquely determined by harmonic 1-forms on M satisfying some algebraic relations. Then we apply the arguments used in the proof of Theorem 2.4 to a connected component of a fibre of Proof. The proof repeats word-for-word the arguments of the proof of Theorem 1.2, where instead of Theorem 1.1 we use Theorem 2.4. 2 Let K be a normal subgroup of π 1 (M) containing in H 1 (see its definition in the proof of Lemma 4.2). Assume also that the elements of K ′ := π 1 (M)/K are separated by {Hom(K ′ , T n (C))} n≥1 . Let M K ′ −→ M be the Galois covering over M with the transformation group K ′ .
Theorem 4.4 M K ′ is holomorphically convex.
Proof. The proof repeats the arguments of the proof of Theorem 1.2 and might be left to the reader.
2 Let K be a normal subgroup of π 1 (M) containing in Ker((α M ) * ). Assume also that the elements of K ′ := π 1 (M)/K are separated by {Hom (K ′ Proof. The proof is the same as the proof of Theorem 1.2 above but here we use Theorem 3.6 instead of Theorem 1.1.
2
Remark 4.6 In particular, if K m is a minimal subgroup satisfying conditions of Theorem 4.5 then M K ′ m coincides with the Malcev covering of M. Notice that if K m = {e} then π 1 (M) is residually torsion free nilpotent. In all these cases we have M K ′ m is holomorphically convex. From here in the case of a projective M we obtain Theorems 1.1 and 1.2 of Katzarkov [K] . One can extend Theorem 4.5 to coverings whose Galois groups are defined by representations constructed by flat connections with nilpotent (0,1)-components. The result is similar to Theorem 4.3 above.
Proofs of Theorems 1.3 and 1.4.
Proof of Theorem 1.3. First observe that (i V ) * (π 1 (V )) ⊂ Dπ 1 (M). Indeed, consider the intermediate covering r : M H −→ M t , where p t : M t −→ M is the Galois covering with the transformation group T or(π 1 (M)/Dπ 1 (M)). Then r(V ) is a connected component of a fibre of α M • p t : M t −→ Alb(M). In particular, r * (π 1 (V )) ⊂ Dπ 1 (M) which implies the above statement. Thus ρ • (i V ) * consists of unipotent matrices. According to Theorem 2.1 and Lemma 2.3, ρ| π 1 (Mt) is defined by harmonic 1-forms, with values in flat vector bundles with unitary structure groups lifted from M, satisfying certain algebraic relations. Moreover, any such form η is d-closed and determines a representation ρ η ∈ Hom(π 1 (M t ), T u 2 ). Then Lemma 3.3 implies that either η| F = 0 or the diaginal character of ρ η is torsion. Here F is a connected component of the generic fibre of α M •p t . In the second case, by definition of M H , ρ η (π 1 (M H )) consists of unipotent matrices. In particular, r * (η) belongs to the space of d-closed harmonic 1-forms on M H . We do not consider the first case because, according to Theorem 2.1 applied to V , in the description of ρ • (i V ) * we are interested only in the forms η such that r * (η)| V = 0. Thus, by Hodge theory, ρ • (i V ) * is defined by a flat connection ω = ω 1 + ω 2 on V × C n which is restriction to V of the pullback of the flat connection on M t × C n (in the form given by Theorem 2.1) determining ρ| π 1 (Mt) . Here ω 1 = θ + ∂h and θ, ω 2 are nilpotent matrix forms with elements from Ω 1 V (M H ). Further, Theorem 2.1 implies that the congugate class of ρ • (i V ) * is uniquely determined by condition
(5.1)
Since the map A V is defined by forms of Ω 1 V (M H ), there are holomorphic and antiholomorphic nilpotent 1-forms θ ′ and ω ′ 2 such that A * V (θ ′ ) = η and A * V (ω ′ 2 ) = ω 2 . From here we obtain Proof. We will assume that F is of pure dimension n, otherwise we apply the arguments below to each irreducible component of F . Since, by definition, π 1 (M) is residually solvable and for each ρ ∈ Hom(π 1 (M), T n (C)) restriction ρ| π 1 (M H ) can be obtained as the pullback of a ρ ′ ∈ Hom(π 1 (M c H ), T n (C)), image of π 1 (F ) in π 1 (M H ) is trivial. In particular, by the covering homotopy theorem (see [Hu; Ch.3, Th.16 .2]), there is an analytic embedding j : F −→ M u such that p(j(F )) = F , where p : M u −→ M H is the universal covering. Assume, to the contrary, that n ≥ 1. Let α be a d-closed (1,1)-form associated to the metric of M H . Then p * α is a d-closed (1,1)-form on M u associated to the metric of M u . Since by Virtinger's theorem (see, e.g., [GH; Ch.0]) j(F ) ∧ n p * α = F ∧ n α = 0, the cohomology class [p * α] of p * α in H 2 (M u , C) is nonzero. But from the condition π 2 (M) = 0 and Hurevicz's isomorphism (see, e.g., [Hu; Ch.5, Th.4.4] ) it follows that H 2 (M u , C) = 0. This contradiction shows that dim C V = 0 which ends the proof of the lemma.
2 Therefore α M H : M H −→ α M H (M H ) is a finite morphism. Consider now the map A V : V −→ CT r given by Theorem 1.3. Then, by definition, each fibre of A V belongs to a fibre of α M H , and hence is discrete. In particular,
because Dπ 1 (M H ) ⊃ D 2 π 1 (M). Finally, observe that
where F is the fibre of the Albanese map over a regular value. Then from condition (ii) of the theorem and the above relations it follows that
) is a subgroup of finite index in Z 2r (= π 1 (CT r )). Moreover, from (5.2) it also follows that
Applying now Theorem 1.3 we conclude that for every ρ ∈ Hom(π 1 (M), T n (C)), image ρ((i V ) * (π 1 (V )) is a free abelian subgroup of unipotent matrices. Hence, (i V ) * (Dπ 1 (V )) lies in Ker(ρ) for each such ρ. But π 1 (M) is an S-group which implies that intersection of all subgroups Ker(ρ) with ρ ∈ Hom(π 1 (M), T n (C)) is trivial. Therefore (i V ) * (Dπ 1 (V )) = {e} showing that (i V ) * (π 1 (V )) is an abelian subgroup of Dπ 1 (M). By the same reason this group does not contain torsion elements because each ρ above maps (i V ) * (π 1 (V )) to a group of unipotent matrices which does not contain elements of finite order.
Lemma 5.3 (i V ) * (π 1 (V )) ⊂ Dπ 1 (M) is a free abelian normal subgroup of π 1 (M H ).
Proof. Let p : M H −→ T be the holmorphic surjective map with connected fibres obtained from the Stein factorization of α M • k : M H −→ Alb(M). Since V is a connected component of k −1 (F ) for a fibre F of α M over a regular value, V is a fibre of p over a regular value. Let S ⊂ T be the set containing critical values of p and singular points of T . Then p : M H \ p −1 (S) −→ T \ S is a fibration with connected fibres. From the exact homotopy sequence of the bundle and the fact that M H \ p −1 (S) ֒→ M H induces a surjective homomorphism of fundamental groups it follows that H := (i V ) * (π 1 (V )) ⊂ π 1 (M H ) is normal. 2 We prove now Lemma 5.4 H ∩ D 2 π 1 (M) = {e}.
Proof. Consider canonical homomorphism φ : Dπ 1 (M) −→ Dπ 1 (M)/D 2 π 1 (M). Then by (5.2), (Dπ 1 (M)/D 2 π 1 (M))/φ(H) is torsion. Thus H ∩ D 2 π 1 (M) consists of torsion elements. But H is free abelian and so does not contain elements of finite order.
2 Finally, we prove Lemma 5.5 D 2 π 1 (M) = {e}. by definition of M H , p(Z) ∩ T or(π 1 (M)/Dπ 1 (M)) = {e} showing that π 1 (M H ) is a free abelian group.
The proof of the theorem is finished. 2
Corollary 5.6 Let a compact Kähler manifold M satisfy (i) π 1 (M) is an S − group;
(ii) π 2 (M) = ... = π s (M) = 0, (iii) dim C M ≥ s, where s := 1 2 rk(π 1 (M)/D 2 π 1 (M)). Then α M H : M H −→ Alb(M H ) is a biholomorphic map.
Proof. Let F be the fibre of the Albanese map α M over a regular value. Then
But
dim C α M (M) ≤ 1 2 rk(π 1 (M)/Dπ 1 (M)) and s = 1 2 rk(π 1 (M)/Dπ 1 (M)) + 1 2 rk(Dπ 1 (M)/D 2 π 1 (M)).
Therefore by (iii) dim C F ≥ 1 2 rk(Dπ 1 (M)/D 2 π 1 (M)).
Then, according to Theorem 1.3, π 1 (M H ) is a free abelian group of rank 2s = 2dim C Alb(M H ). In particular, (α M H ) * : π 1 (M H ) −→ π 1 (Alb(M H )) is an isomorphism. Further, from Lemma 5.2 it follows that α M H is a finite surjective map. Thus by the covering homotopy theorem there is a holomorphic map d : M u −→ C s which covers α M H . Here M u is the universal covering of M H . Since d is a finite morphism, M u is a Stein manifold (see, e.g., [GR; Ch.5, Th.1] ) and therefore has the homotopy type of a cell complex of real dimension s. From this, condition (ii) and the Hurevicz theorem (see, e.g., [Hu; Ch.2, Th.9.1]) it follows that M u is homotopically trivial. Moreover, α M H induces an isomorphism of the fundamental groups and therefore it induces an isomorphism of the corresponding cohomology groups with coefficients in Z (see [E] ). In particular,
is an isomorphism. Taking the generator 1 ∈ H 2s (Alb(M H ), Z) and bearing in mind that (α M H ) * (1) is the degree of the map α M H we obtain deg(α M H ) = 1. But α M H : M H −→ Alb(M H ) is a branched covering and therefore α M H is biholomorphic. 2
Remark 5.7 A real compact K(G, 1)-manifold M is called a compact solvmanifold if G is a lattice in a real solvable simply connected Lie group. Using Corollary 5.6 it is easy to prove Theorem 5.8 A compact solvmanifold M admits a Kähler structure iff π 1 (M) is isomorphic to a lattice in the Lie group R which is semidirect product of C m and R 2k such that R 2k acts on C m by unitary transforms.
